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ABSTRACT. The group presented by

(a,t;t"la’t = a™)
is non-Hopfian if /, m = +1 and #(/) # w(m), where #(/) and #(m) denote
the sets of prime divisors of / and m. By contrast, we prove that if w is a

word of the free group F(a,, a,) which is not primitive and not a proper
power, then the group

(a, a t; t™ Wit = wm)

is Hopfian.

A group is Hopfian if every surjective endomorphism is an automorphism.

The best-known example of a non-Hopfian group is probably the group
G=(a t;t7'a% = a’)
given by G. Baumslag and D. Solitar in [2]. In fact, Baumslag and Solitar
considered all groups
G(l,m)=(a,t;t7'a"t = a™)

and we may summarise their conclusions as follows (incorporating a
correction due to S. Meskin [7]):

If|l| = 1or |m| = 1or|l| = |m| then G (I, m) is residually finite and hence
Hopfian.

Otherwise G (I, m) is Hopfian if and only if w(l) = =(m) (where n(l), #(m)
denote the sets of prime divisors of | and m respectively).

These results show the delicacy of the Hopfian property and this is further
illustrated by the theorem of G. Baumslag in [1] asserting that the group

G(l,m n) = (a,1; (t~'ata=m)" = 1)

is residually finite when n > 1 and / and m are coprime. In the same paper,
Baumslag also states that if the one-relator group H(1) = (a,, a,, a3, ... ;
r = 1), where r is not a proper power, is Hopfian, then so too is the
one-relator group

H(n)=(a,ayas;...;r"=1)

Hopfian.
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We seek to investigate groups of the form
G=(a,ay...,aq,6t"Wt=w")

where w is a word in the free group F on a,,4a,,...,a,~and w is not a
proper power in F. Meskin proved in [7] that if G is residually finite then
/] =1 or |m|=1 or |/|=|m| and G. Baumslag (unpublished) has
established the converse of this. In view of Baumslag’s result, in determining
whether or not G, as given above, is Hopfian we need only consider the
situation in which |/| # 1, |m| # 1 and |!| # |m|.

If w is a primitive element of F then our given G is isomorphic to the free
product of the Baumslag-Solitar group G(/, m) and a free group of rank
(n = 1). In this situation G is Hopfian if and only if G (/, m) is Hopfian. For
I. M. S. Dey and H. Neumann proved in [4] that the free product of two
finitely generated Hopfian groups is Hopfian-and it is easy to see that a free
product is non-Hopfian if one of the factors is non-Hopfian.

Our contribution is the following theorem.

THEOREM. Let G = (ay, ay, t; t~'w't = w™) where w is a word in a,, a, that
is not primitive and not a proper power in the free group F(a,, a,). Then G is
Hopfian.

At present we are unable to extend our results beyond the case n = 2.
We begin by summarising our notation. We write G for the group

(ap Gy -+ » a ™ Wit =w™)

where w is a word in a, a,, . . ., a, that is not primitive and not a proper
power in the free group F = F(a,, ay, . . . , a,). Eventually we shall put n = 2
but some of our results are valid for arbitrary n. When convenient we shall
sometimes write /[—1] =/ and /[1] = m. As noted previously we may
assume |/| # |m|-we shall not need to assume |/| # 1 and |m| # 1.

We write

K=(a,ay...,a;,w=1) and L= K=+t

for the free product of K with an infinite cyclic group on t. There is a
canonical epimorphism 8: G — L obtained by puttingw = 1.

We shall rely to a great extent on the theory of HNN-extensions and the
corresponding normal form theorem and conjugacy lemma (see Chapter II of
C. F. Miller III [8]-where HNN-extensions are called Britton extensions).

LEMMA 1. G is an HNN-extension of F. In particular F is a subgroup of G.

Proor. This is obvious. Q.E.D.
We write u ~ v to mean that u and v are conjugate elements of G. We
write u ~ F to mean that there exists y € F such thatu ~ y. Given u € G we



SOME ONE-RELATOR HOPFIAN GROUPS 365

say that u is in normal form or is t-reduced if u does not contain a subword
t~%xt® with x € (w'l=9),

LEMMA 2. Let ¢: G — G be an endomorphism.

(i) Then there is an inner automorphism  such that w¢y € {w). If wp € F,
then { corresponds to an element of F.

(ii) If wp € {w) and we # 1 then td = wPrwPi - - - t!wP where p, €E Z,
g=*land 3| 5= 1.

Proor. (i) We know that (wo) ~ (we)™. Since |/| 5 |m]| the conjugacy
lemma for HNN-extensions shows that we¢ ~ F. Without loss of generality
we may assume w¢ € F.

We have (1¢) " '(we) (t¢) = (wp)™. Since | # m, t¢ & F. Let us write

t = Xxpt® %2 - - x,_ %%,
where ¢ = +1 and x; € F. Then x; '(wo)x, € (w/l=%ly Hence
{xg (we)xgy N {w) # 1 giving x5 '(wo)x, € (W), since F is free and w is
not a proper power. This proves (i).

(ii) Let wp = w* so that (t¢)~'w*(t1¢) = w*™. The lemma follows from the
fact that if u is any element of G and u~'wPyu = w9 then u =
wPoePr . . . &P and ¢ = p(m/l)° where o = I[_ g This fact is
established by induction on the number of occurrences of ¢ in the normal
form of u and relies heavily on the fact that if x ~'w’x = w*, where x € F,
then r = s and x € {w). (Again we do use the fact that w is not a proper
power.)

LEMMA 3. Let u = t*wPyt®2 - - - wP-1t* be in normal form and suppose that
() u" W = wm,
(ii) G = <a, b, u).

Thenu = t,i.e.r =lande, = 1.

Proor. We distinguish two cases.

Case 1. Suppose /ym and m } 1. Then w’ & {w™) and w™ & {w'). Since
u~'wlu = w™ we deduce thate, = 1 = &,.
There must exist equalities of the form

(1) t=y0un!yl.'°u 59 )’.'EF,"?i:'il,

since G = {a, b, u). Among all such we consider one with s minimal-we
claim that thens = 1.

Suppose s > 1; then there must -exist i such that in reducing
um-Yy,_,u",u"%+ to normal form the occurrences of ¢ in u™ are eliminated.
For if this were false the normal form of the right-hand side of (1) would
contain at least s occurrences of .

The minimality of s is contradicted immediately if u™-y,_,u™ € F or
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u,u%+ € F. So part of u™ is cancelled by u"-' and part by u%+' (strictly
only the occurrences of ¢ are cancelled). Since ¢, = ¢, we have n;,_; + 7, =0
=70+ N1

Suppose 7;_; = 1; then we may write u = u,u, Where uy;_u; ' = x;_, €
F and u; Yy,u; = x; € F. Now in view of the form of u it is clear that both

x;_, and x; lie in {w). In particular x;_,x; = x;x;_,. Then
WU YU = WX XUy = WX Uy = YWy
Again the minimality is contradicted. The argument when 3,_, = —1 is

similar.

So t = yyu™y,; as u is in normal form we obtain 7, =1 and r =0 as
required.

Case 2. Suppose /|m or m|l. Here there are two subcases but they can be
treated similarly. So suppose that m = Img; then m } ! as |I| # |m].

From the fact that u~'wu = w™ we see that ¢, = 1. However w™ € (w')
so we must allow for the possibility thate, = —1.

If in fact ¢, = 1 we can argue as in Case 1. So suppose ¢, = —1; we
consider equations of the form

t=zuMz, - -ubz, z;EF,\EZN#O.

As G = {a, b, u) such equations must exist. We again want to consider such
an equation with s minimal.

We claim that in this event

(@)ifi > 1and A, > 0, then z,_, & {w');

(b)if i < s and A, < 0, then z; & (w').
We note that for any A > 0 and any j € Z, u~w/i* = w/, Hence, if (a) is
violated then for some i > 1

ud-1z,_ uN = uN-1Nz) | where z/_) = uTNzuM

Clearly the minimality of s is contradicted. Similarly if (b) is violated, then,
for some i < s,

u&ziuN-H = z;u&*’Nﬂtl

which again is contradictory.

Now write u = u,u,u; " where u, is cyclically #-reduced. Since ¢, = 1 and
e, = —1, u; & F. Also, since u~'wu = w™, 3’_ ¢, = 1 so that u, & F. Our
equation becomes

t=zouudu 'z, - - wudul'z,.

Suppose s > 1; there cannot exist i such that u,udu; 'z, uud+u;' € F. It
follows that there exists i such that in reducing

Nty —1 -1 -1
URTASL T SRRV TP RTNA LT



SOME ONE-RELATOR HOPFIAN GROUPS 367

to normal form, the occurrences of ¢ in u,udu; ! are eliminated partly from
the left and partly from the right. This means that z,_, € (w') and z, € (w'}.
The former implies that A; < 0 and the latter that A; > 0.

We conclude that ¢ = zyu,u}w; 'z, which is impossible since the right-hand
side is in normal form and has at least three occurrences of z. Q.E.D.

COROLLARY 4. Let ¢: G— G be a surjective endomorphism such that
F¢ C Fand wo € {w), wp # 1. Then t¢ = wPaw®:,

PROOF. By Lemma 2, t¢ = wPytwPi . . . towP, Let u = towPi. - « wh-y%;
since G = {a¢, bo, t¢p) and F¢ C F we obtain G = {a, b, u). By Lemma 3,
u=1t Q.ED.

PROPOSITION 5. Let G = (ay, a, ..., a, t; t~w't = w™) where w is not
primitive and not a proper power in the free group F = F(a,, a,,...,a,). If ¢
is a surjective endomorphism such that F¢ C F, then ¢ is an automorphism.

Proor. Certainly w¢ € F and, using Lemma 2, we may assume wp € {w).
More explicitly this asserts that for some k € Z

w(ap, ad, . .., a,p) = wk
and this equality holds in F. Suppose k # *1; by a theorem of G. Baumslag
and A. Steinberg in [3], the rank of the group {a,$, a9, ..., a,p, w) is at
most (n — 1). Then certainly the rank of {a;$, a9, ..., a,$) is at most
(n — 1) and so G can be generated by at most n elements. This means that

L= (a,a,...,a;,w=1)*{t)
can be generated by at most n elements. By Grusko’s theorem
K=(a,ay...,a;,w=1)

is generated by at most (n — 1) elements. By a theorem of W. Magnus
(Corollary 5.14. 2 of [SD), K is a free group. By Whitehead’s theorem (Theorem
N.3 of Chapter 3 of [5]), w is primitive in F. Thus we = w*!

Now by the same argument as above, the group {a,¢, a2¢, ...y a,9) is free
of rank n and thus ¢ is injective on F. Suppose v¢p = 1 and v # 1. Then
certainly v £ F. By the normal form theorem for HNN-extensions v must
contain a subword ¢ ~%¢* where z € (w’l=%), By Corollary 4, t¢p = wPrwP:
and so v must contain a subword ¢ ~%¢* such that y¢ = z = w*[~¢l, Now we
know that w¢ = w", n = +1 and hence (w™{~l)¢ = y¢. As ¢ is injective on
F, y € (w'l=I). Inductively, this means that v € F which is impossible.
Q.E.D.

We have on the face of it proved a little more than was necessary to obtain
Proposition 5. It would suffice to prove that t¢ was of the form
wPotix, « « o x,_t"w” with ¢, = 1 = ¢,. But much of Lemma 3 is needed for



368 D. J. COLLINS

this and we have obtained additional information about automorphisms of G.
We now turn to the situation where we must impose the additional
hypothesis that n = 2. This is done in order to deal with the situation where
F¢ Z F (even allowing for inner automorphisms). We shall show that, in
these circumstances, ¢ cannot be surjective.
Given u,, u,, u; &€ F we call (u,, u,, u;) a reduction triple if in the process of
reducing u,u,u, to normal form, the occurrences of ¢ in u, are eliminated.

LEMMA 6. Let u, € F, i = 1,2, ..., s, suppose that u\u, - - - u, ~ F. Then,
Sor some i, (u;_,, w;, u;,,) is a reduction triple-including the possibility that
i=1ori=sinwhichcasei— 1andi+ 1 are to be interpreted modulo s.

Proor. If the conclusion were false the cyclically r-reduced form of
u,u, - - - u, would not be free of occurrences of . Q.E.D.

We begin with the situation in which a,¢ £ F and a,¢ € F. Firstly we
require a rather technical lemma.

LEMMA 7. Let u & F and y € F be such that (u®, y'u™, y°u®), wherer,s € Z
and g, m, v = * 1 is a reduction triple. Then the following possibilities occur:
()@)e+n=0andyd = 1or
®)n+v=0andyd =1,
(i) (@) e = n,and u@ = (y0)~ " or
®)n =v,and u"@ = (y8)~*

-1,-r

(iii) e = n = vand u® = ugxuy y ="', for some x € F and some u,.

(Recall that §: G— L is the canonical epimorphism described at the
outset.)

PROOF. It is clear that either % 'u™ or u™*u” is not in normal form.

Suppose the former occurs; if € + n = 0 then y” ~ {(w) (in F). This gives
(y8) = 1. Since w is not a proper power, K is torsion free (see [5]). Thus
»y8 = 1 and (i)(a) holds.

Let e = n = 1; if in fact up'u € F then analysis of the reduction of the
uy'u to normal form gives rise to a system of equations in the following way.
Letu = xyt"ix; - - - t%x,. Then

x,y%p = whils], Kk, + &, =0,

xp—lwipll—x']xl - wl},_,l[x,_,]’ Kp—l + K, = 0’

xlwi,ﬂ—x,lxp_l - wi,l[x,]’ Ky + K, = 0,

where the group equations hold in F.
Now clearly 2(x; + - - - + k,) = 0 and so p = 2g, ¢ € Z. Then among the
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group equations there occurs
xqwi,,“l[-x,,,lwq = willk],

Clearly (qu)2 = 1 and so0 x,0 = 1, since X is torsion free.
Letuy = xyt"x; - - - x,_,t%. The above equations imply that

xqt"¢+l PR t'ﬁxp - xqw—‘;rn'[-‘,ﬂ]uo_ly_’

and hence that u = uy%,ug"'y ™, where £, = x,w s+ /[~%+], But clearly 2,0
= 1 and so uf = (¥8)~’. The argument is similar when ¢ = —1 and we have
(ii)(a).

So suppose that u®u" & F. Then u™“u” is not in normal form; if
1 + » = 0 we have (i)(b). So assume ¢ = 7 = ». If uy*u” € F we obtain
(ii)(b). Otherwise, taking ¢ = 1, we obtain two systems of equations, viz.

X,y %y = whilel, K + Kk =0,

xcw‘""["‘"']xp_,_. = wiilel K+ Kp- =0,
from reduction in uy'u, and

xyxg = whits, K+ K =0

x wkpu-cll"n:-c]x‘:_z = wkpﬂ-ell",nﬂ]’ Kp+2—c + K,_; = 0,

p+2—c
from reduction in uy “u.

As before 2(k; + - - - + k) =0andp = 24. Itis easy to see thatc < g +
lorc=g+lorp+2—c<qg+1.1If c < g+ 1 we obtain uf = (y4)~"
andifp + 2 — ¢ < ¢ + 1 we obtain uf = (y8)~°, arguing as above.

Let ¢ =g+ 1; then we still have u = u X us ly=r by substituting
appropriately. We cannot, however, conclude that £ 8 = 1; but we have (iii).
A similar argument is given when ¢ = —1.

LEMMA 8. Let u & F,y € F be such that there is a word z(a,, a,) such that
z(u,y) ~ F. Then forany g € G,{u,y,g> # G.

Proor. Clearly we may assume that z(a,, a,) is cyclically reduced. Rather
less obviously we may assume that z(a,, a,) is not a proper power. For
suppose z(a,, a;) = z(a,, a,)’. Then zy(u, y¥’ ~ F; we claim zy(u,y) ~ F.
Suppose not; then zy(u, y) can be expressed as v,0,0;"! where v, is cyclically
t-reduced, v, & F. But then zy(u, y)* = v,0fv; ! and vf = F.

Let us write z(a,, a;) = aj'aj'aia;? - - - ayay where ;= *1, r; # 0, and
r; # 0if g + ¢,, = 0. Then we have
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u"y"u'al” e u‘{y'7~ F.
By Lemma §, there is reduction triple (u9-*, y 7-'u%, y u%+").

We claim that either y§ = 1 or uf € {y8). This is immediate if either (i) or
(i) of Lemma 7 occurs. So suppose thdt g1 =¢g=¢g, =1 and u=
ugxug’'y~" where r = r,_;. (The argument when g_, =¢ =1¢,, = —1 is
virtually identical to what follows.) Substituting in z(u, y) we obtain a word
of the form

y‘Ouoxeluo_’ysl o« 0. uox'fuo-ly"f
wheres; = r, — 3(& + g, i=1,2,...,f s, =0or r according as ¢, = 1

or —1,ands; = r, — ror r;accordingase, = 1 or — 1.

We firstly consider the possibility that s, = s, ="--- =35, =0. Then
n=3@+e.)ri=12...,(f—1). Thismeanse, =g = - - - =g, for
otherwise there exists i such that ¢ + ¢, , =0 and, hence, r, = 0. Thus
rp=---=r_,==r Assume g =1 so that r,=r. Then z(u,y)=

uox’ug 'y, Since z(ay, a,) is not a proper power, r; % r. The fact that
Yox’ug y"™" ~ F means that either x/ ~ (w) or y7~" ~{w) in F. Hence
uy=1orvd=11If g =—1 and r, = — r, then z(u,y) = y"ugx Juy 'y".
Since z(ay, a,) is not a proper power, 7, # — r. As above we obtain uf = 1 or
yo =1

Now we may suppose that some 5; # 0, i =1,2,...,f— 1. This means
that z(u, y) is equal after free cancellation to a word of the form

y-“ouox)‘luo"y‘l e y’q-luox’\quo-ly-f/

where N\, , €EZ,9 > 2,1, #0,i = 1,2, ..., f, A, has the same sign as ¢,, and
A, the same sign as &. Note that the initial and terminal powers of y are
unchanged. Since z(u, y) ~ F, this word is not cyclically reduced. If upxMu; !
or ug Yy'ug, for some i, is not in normal form we obtain respectively xf = 1 or
8 = 1. The claim follows in this case. If the above word is in normal form
then it follows that uyy¥**uy ! is not in normal form. Then of course yf = 1
except when s, + 5o = 0 (this cannot immediately be ruled out). If 5, + 5o =
0, then uy 'x™**u, is not in normal form. If A, + A, # 0, this gives xf = 1
and we are all right. So assume A, + A; = 0. Then of course ¢, and ¢ are of
opposite sign. If ¢; = 1 and ¢ = —1, then 5, = 0 and s; = r, so that r, = 0.
This is contradictory. If &, = —1 and ¢; = 1, then sy = r and s, = r; — r s0
again r; = 0 and we have a contradiction.

We can now show that {u, y, g> # G. If (u, y, g) = G, then (u, 0, g0
= L. Thjs means L is generated by at most two elements. By our usual
argument, this contradicts the fact that w is not primitive.

PROPOSITION 9. Let ¢: G — G be an endomorphism such that a¢ & F and
b¢ € F. Then ¢ is not surjective.
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Proor. If ¢ is surjective then G = {a¢, bo, t¢). Since we ~ {w) by
Lemma 2 and wo = w(ao, bg), Lemma 8 yields a contradiction.
For any u € G, let /(1) denote the number of occurrences of ¢ in u.

ProprosITION 10. Let u, v € G, u, v & F be such that
(1) there exists a word z(a,, a,) such that z(u, v) ~ F,
(2) there exists g € G such that G = {u, v, g).
Then there exist x,y € F and uy € G such that u = ugxug ' and v = ugyug'.

ProOF. We proceed by induction on /() + /,(v). We therefore assume the
proposition false and that among all pairs # and v satisfying the hypotheses,
but not the conclusion, we have chosen a pair with /,(«) + /,(v) minimal.

Suppose u ~ F, say u = ugxug ', x € F. Then we have

upx™ug o™ -« - ugx™ug o ~ F

where z(a,, @) = af™a}' - « - al"a¥. Let © = ug 'vuy and g = uy 'gu,. Then
G = (x, 0, g§) and z(x, 6) ~ F. By Lemma 8, 6 € F, i.e. v = uyyuy ',y € F.
Our minimality assumption is contradicted.

The argument when we assume v ~ F is similar.

So suppose u = F and v = F. Let u = uuu;! and v = o,0,0;! be in
normal form with u, and v, cyclically ¢-reduced. Let & = v; 'w,uu; 'v, and
& = v 'gv,. Then G = (i, v,, §) and z(d, vy) ~ F. If & (equivalently u; 'v,)
is not in normal form then the induction hypothesis gives v, ~ F which is
contradictory. So we may assume # is in normal form.

Case (i). Let 4 be cyclically ¢-reduced. Then, in practice, we have u; = v, =
lLie.u=dandov = v,

So we have

um™pM. .-y ~ F

where z(a,, a;) = a{™aj' - - - a"ay and u and v are cyclically t-reduced. By
Lemma 6 we can find a reduction triple. The following are the only possibi-
lities:

(1) (u*, u®, "),

() (u*, 0", 0"),

(3) (u*, 0", u’),

@) (v u", "),
wheree, n, v = 1.

Suppose (1) occurs; then we can write v = v,0, where u‘v; € F. Thus
L(u*v) < I(v). Now G = {u, v, g); also we can regard z(u, v) as z(u, u™*
(u®)) if =1 and as z(u, (vu™*)u®) if 7 = —1. In either case we can
construct a word z*(a,, a,) such that z*(u, u®v™) ~ F. By the induction
hypothesis u ~ F which is contradictory. Clearly (2) is similar to (1).

Suppose (3) occurs. If € + » = 0 then either ™ or v™” is t-reduced-since
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v is cyclically z-reduced. Suppose v™” is t-reduced. Then we can write
u® = usug where ugo" € F. Then /,(u®0") < [(4) and G = {u‘v", v, g). Also
we can transform z(u, v) into z*(u"", v) and deduce that v ~ F by the
induction hypothesis. The alternative case is similar and so too is (4).

Case (ii). Suppose that i is not cyclically ¢-reduced. Write u; = v; 'u,; thus
4 = uyuu; . We have

uguduy o - - - uguuy oy ~ F

and Lemma 6 ensures the existence of a reduction triple. The possibilities are:

(M) (5, u3', 0),

(2) (05' ’ Oi’ ’ u3),

B) (u3}, 03, uy),

@) (u5', 03, o),

(3) (03, us, u3).

We examine (1) in detail. Here we must have v] = v;0, where u; 'v, € F;
write x = u; 'v;. Then z(x 'uyx, (v4v3)") ~ F and G =
{x " lugx, (0405)", 05 '6v5>.  Since /,(x"'u,x) < 1,(7) we obtain (vs)" ~ F
and hence v, ~ F.

The remaining cases are dealt with in a similar manner and the proof is
complete. Q.E.D.

We come finally to the proof of our main theorem.

PROOF OF THE THEOREM. Let ¢ be a surjective endomorphism. By
Proposition 9, either {a,9, a,¢) C F or a,¢ & F and a,¢ & F. If {a,9, a,$)
C F then by Proposition 5, ¢ is an automorphism. So let a,¢ & F and
a,p £ F. By Lemma 2 wo ~ (w). We may apply Proposition 10 with z = w,
u = a;$, v = a,p. Thus there exists an inner automorphism ¢ such that
{a,9y, a,¢y) C F. By Proposition 5, ¢y is an automorphism and hence ¢ is
an automorphism. Q.E.D.

Our results enable us to say something about the automorphism group of
G. Let S={p€EAutF: wp=w'e==*1}. S is the group of all
automorphisms p of F such that {wp) = {(w).

LEMMA A. Let p € S. Then the mapping p*: G — G defined by
x—>xp, x€F,
pr:
t—>t

is an automorphism of G.

PROOF. It is easy to see that (~'w')pu* = (w™)pu*. Since p* is clearly
surjective it is an automorphism. Q.E.D.

LeEMMA B. S is embedded in Aut G.
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PrOOF. The map sending p — p* as above is easily seen to be an embed-
ding. Q.E.D.

LeMMA C. Let ¢ € Aut G be such that F¢ C F. Then there exists x € F
such that

@) x~Y(wo)x = wt, e= =1,

(i) x ~Y(t9)x = twP.

Proor. This is proved by an easy adaptation of the proof of Proposition 5.
Q.E.D.

LEMMA D. Let ¢ € Aut G be such that F¢ C F and wp = wt, e = * 1. Then
F¢=F.

PROOF. Suppose not; then, say, a, & F¢. Since ¢ is surjective and 1 =
wPywP1 it is clear that a, € (F¢, w, 1). We claim that a; € {(F¢, w).

Let a) = yot"y, - - - t%y, where y, € (Fp,w),i=0,1,2,...,5. If s =0,
then there is nothing to prove. If s > 0, then the right-hand side is not
t-reduced. So for some i, ty,t %+ € {w'l="1), By induction, a, € {F¢, w).

However, w = w®, ¢ = *1, and thus w € F¢. This is contradictory.
Q.E.D.

Write Inn G for the group of inner automorphisms of G.

PROPOSITION E. Let ¢ € Aut G. Then there exists ¢ € Inn G such that
() Foy = F,

() woy = whe= £1,

(iii) t¢y =-w?, some p € Z.

ProoF. This is immediate from Proposition 9 and the Lemmas just above.
Q.E.D.

We can now describe Aut G.

Let S* be the copy of S embedded in AutG. Let 6: G— G be the
automorphism of G defined by

X — X, x € F,
o*:
t— tw.

Then Aut G = (S*, 0, Inn G). For let ¢ € Aut G; let ¢ be such that (@), (ii)
and (iii) of Proposition E are satisfied. Let p be the restriction to F of Y.
Then ¢y = p*o?.

We note the following facts:

(a) <o) is infinite cyclic.

(b) (S5*, o) = S* X (o), the direct product of S* and {o).

(¢) Inn G = G since G has trivial centre.
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(d) <S* 6) N Inn G = {B"> where B is the inner automorphism of G
corresponding to w.

To see (d), let ¢ € (S*, ) N Inn G. If ¢ = p*o?, then for some v € G we
have o™ 'v = tw” and also v™'wo = w*, e = = 1. If |/], [m| 5 1, the latter
immediately yields v € (w) and so ¢ € {B). Then the first of the two
equalities yields v € {w’). Since B’= (y*)'s’~™ where y is the inner
automorphism of F corresponding to w, we have the desired conclusion.

Suppose that / = 1; then the equation v ~'wv = w* yields only the fact v is
of the form woMw? . .. tTw% where 3% 7, >0, i=1,2,...,s (and
possibly s = 0). However, a simple induction argument shows that this is
inconsistent with v ~!v = tw” unless s = 0. Then we can argue as before.

In conclusion we remark that our description of Aut G is only a relative
one since it depends on knowledge of S. J. McCool has proved in [6] that S is
always finitely presented. Thus we know that Aut G is always finitely genera-
ted. It remains to be seen whether or not Aut G is also finitely related.
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